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Abstract. We generalize an identity proven by Schoeneberg in 1967. Our identity provides a 
representation of the most general eia-products of weight 1 by binary quadratic forms. We discuss 
the utility of binary quadratic forms in finding a completion for certain eia-quotients. We give 
^ ^ a collection of examples which illustrate the use of our general identity in deriving the Fourier 

O ■ coefficients of certain eta-quotients. 

PL, 

m 
<^ . 

1. Introduction and Notation 

' Throughout the paper we assume q is a, complex number with \q\ < 1. We use the standard 

I notations 



oo 

(1.1) (a;g)oo n(i-«9") 

n=0 

and 



°2. Ti(n+1) n{n~l) 

(1.3) /(a,&):= a^^h-^, \ah\<\. 



(1-2) £;(g):=(g;q)c 
^ , Next, we recall the Ramanujan theta function 

a^ 
vn 
m 
(N 

' The function f{a,b) satisfies the Jacobi triple product identity [3, Entry 19] 

I (1.4) f{a,b)^{-a;ab)ooi-b;ab)aoiab;ab)oo, 

along with 

n(n+l) n(n— 1) 

^ : (1-5) /(a, b) = a^^b-^ f{a{abr, b{abr'), 

^ \ where n G Z [3, Entry 18]. One may use (1.4) to derive the following special cases: 

°1 n(3n-l) 

(1-6) E{q) = /(-g,-g2) = ^ (-1)"q^^, 

n— — OO 

(1.7) m---i{q.i)- E 'z-^- ""'^''^ 



n— — CX3 



(1-8) ^(g):=/(g,,3)^ ^ = 



_Daie: February 26, 2013. 

2010 Mathematics Subject Classification. 11B65, 11F03, llFll, 11F20, 11F27, 11E16, 11E20, 11E25, 14K25. 
Key words and phrases, eia-quotients, binary quadratic forms, theta series, multiplicative functions, Hecke operators, 
dissections of q-series. 

1 



2 



ALEXANDER BERKOVICH AND FRANK PATANE 



^ •^^'^'''^ E{q^)E{q^)E{q) 

Note that (1.6) is the famous Euler pentagonal number theorem. Sphtting (1.6) according to the 
parity of the index of summation, we find 

oo oo 

(1.11) E{q)= J2 -9 E 9*'"'+'" = /(9'.9')- 9/(9,9")- 

n— — OO n— — oo 

We will employ the similarly derived relations 

(1-12) ^(r?) =<i)(g«) + 2g/(g3,gi5), 

(1.13) </'(g) = </'(g") + 2#(g8), 

and 

(1.14) m = f{q^q') + qiKq')- 

We now recall some notation from elementary number theory. Given an integer n, we use the term 
ordp(n) to represent the unique integer with the properties p°''dp(n) | ^ ^^^^ pi+oTdp{n) | 
For an odd prime p, Legendre's symbol is defined by 

1 if n is a quadratic residue modulo p and p\ n, 
— 1 if n is a quadratic nonresidue modulo p and p\n, 
if p I n . 



Kronecker's symbol ( — ) is defined by 



(-) 



1 if m = 1 , 

if m is a prime dividing n, 

Legendre's symbol if m is an odd prime, 



if n is even 
|) = <! 1 n= ±1 (mod 8), 



(?) 



-1 n=±3 (mods), 

and in general {—^ = 11^=1 (^~~^ ' ~ 111=1 Pi ^ prime factorization of m. 

Let (a, 6, c) := ax^ + hxy + cy^ be a positive definite binary quadratic form of discriminant d := 
6^ — 4ac. The term "form" will always refer to a positive definite binary quadratic form. The form 

(a, 6, c) has the associated theta series 

(1.15) B{a, b, c, q) := ^ 9^'^'+''^^+'=^' = E(«' ^' n)g". 

Note that (a, 6, c, n) = whenever n ^ Z>o. 

We recall some well known facts from the theory of binary quadratic forms. If = — 1, then 
no form of discriminant d represents the prime p. If two nonequivalent forms of discriminant d both 
represent a prime p\ d, then the forms are inverses [8] . Identifying a form and its inverse, we have at 
most one form of a given discriminant representing a prime p f d. Furthermore, if (a, b, c,p) > then 
we must have {a,b,c,p) = 12,8, or 4 according to whether d = —3, d = —4, or < —4, respectively 
[8]. 

We will need a method to determine which primes p are represpresented by a given form. Besides 
using basic congruence conditions from genus theory, see [8], we follow [7] and [19] by employing the 
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Weber class polynomial. For a form (a, b, c) with discriminant d, we let r = , and recall that 

the Wcbcr class polynomial, Wd, is defined as the minimal polynomial of /(t), where / is a particular 
normalized Weber function generating the same class field as Klein's modular function j(T). (See [7] 
for details.) 

We will give examples where the factorization pattern of Wd (mod p) suffices to determine if (a, &, c) 
represents p. When the factorization pattern of Wd (mod p) does not suffice, we use rem(2:^', Wd{z)) 
(mod p). Here and throughout the manuscript, rem(2;^', Wd{z)) (mod p) denotes the remainder of 

upon division by Wd{z) modulo p. If j = 1, an analysis of rem(2;^', Wd{z)) (mod p) always enables 

us to determine which form of discriminant d represents p. 
An eia-quotient is a finite product 

N 

H{q) ■.= qi^E'^-{q^r.), 

n=l 

where 61, . . . , 6jv are positive integers with bi < 62 < • • • < &iv; ai, . . . , ajv are non-zero integers; and 

j = X^^^i ^^1^ € Z. We call H an eta-quotient since q24E{q) = r]{q), where r]{q) is the Dedekind eta 

function. The weight of H is defined to be X^^^i The level of H is defined to be 61 • 6jv H has a 
Fourier expansion, and we will often write the expansion as 

iJ(g) = ^a(n)g". 

n>0 

We use [g"]if(g) to denote the Fourier coefficient a(n), and we call the series X^„>o '^("■)9" multi- 
plicative when a{n) is multiplicative. It is a continuing area of research to determine the Fourier 
coefficients of certain eta-quotients. (See [1], [5], [6], [12], and [20].) 

Let (a, b, c) be a form of discriminant d with B{a, b, c, q) = X^„>o h{n)q^. In [11] Hecke defines the 
operator Tp by 



(1.16) ^(^)«" = E ['^M + {i) /^Wp) 

\ra=0 / n=0 

Let S be the set of all linear combinations of theta series associated to the forms of discriminant d. 
Hecke showed that for s S S*, wc have Tp{s) S S [11]. When Tp{s) = s ■ \p for some constant Ap, we 
call s an eigenform of Tp with eigenvalue Ap. 

If s = X^/i(n)g" is an eigenform for all Hecke operators, then (1.16) implies 

(1.17) Xph{n) = h{pn) + ) h{n/p) 

for any positive integer n and any prime p. Taking n = 1 yields Ap • h{l) = h{p), and we will always 
take h appropriately normalized so that h{l) = 1. Hence the eigenvalues of all Tp are exactly the 
evaluations of h at the primes. Equation (1.17) shows h is multiplicative. Moreover, taking n = in 

(1.17) yields 

(1.18) /i(p^+i) = h{p)h{p'') - (1) hip''-'). 

Even though Tp acts on a given theta series, we may refer to its action on the coefficients of the series. 
One particular case is B{a, b, c, q) = J2n>o(^^ ^' write 

(1.19) (a, 6, c, n) ^ (a, b, c, np) + (^) (a, b, c, n/p) 
to refer to the action of Tp on the coefficients of B{a, b, c, q). 



Given s,s' G S* we say that s + s' is a completion of s if s + s' is a an eigenform for all Hecke 
operators. 
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In later sections, we find the Fourier coefficients of certain eta-quotients H, by finding a completion 
s' + H with the additional property that s' and H arc congruentially disjoint. The ability to extract 
the coefficients of H by only employing congruences, contributes to the simplicity of our results. In all 
cases considered, we are always able to employ congruences to extract the coefficients of our desired 
eta-quotient from its completion. 

To find a completion, we use certain multiplicative combinations discussed in [18]. Let be 
the associated theta series of the binary quadratic form A" {A composed with itself n times). We 
employ a result of Sun and Williams [18] to find the following multiplicative linear combinations: 



Table 1 



Cs = {A) 


\ [m + ^^Aisi) + ^^A\q)) 




1 + ^i^A(Q) + ^l^A\q)) 


Ce = (A) 


^^{m- A\^)±{A{q)- A^{^))) 


Cs = (A) 


\{l{q)-A\q)±^{A{q)-A\q))) 


C4 X C2 ^ {A,B) 


'^{I{q)-A\q)±{B{q)-BA\q))) 


C4 X C4 ^ {A, B) 


^^{I{q)±A{q)Y{I{q)-B-{q)) 



where I{q) := A^{q), and the notation {Ax, A2, . . . , An) is used to denote the group generated by 
Ai,. . . ,An with I All > 1^2! > • ■ • > l^ral, where \A\ denotes the order of A. Here and throughout, 
we use Cn to denote the cyclic group of order n. Table 1 lists multiplicative combinations that apply 
directly to the examples appearing in later sections. We remind the reader that the property of being 
an eigenform for all Hecke operators is a stronger condition than multiplicativity. 



In [15], Schoeneberg proved the identity 
(1.20) B(M.ig..)-ii(6,5.ig,.)^ 

for = -1 (mod 24). 

In section 2 we state and prove an extra parameter generalization of (1.20). Our identity provides a 
representation of the most general eta-products of weight 1 , by the difference of two binary quadratic 
forms. Many identities for the weight 1 eto-products have previously been considered. (See [2], [4], 
[9], [14], [15], and [16].) However, we re-emphasize that we consider the most general identities for the 
weight 1 eta-products. Our proof is elementary, in the sense that it makes essential use of dissections 
of g'-series, and does not employ modular form techniques. 

Sections 3, 4, and 5, contain a diverse collection of explicit examples in which we derive the 
Fourier coefficients of certain eta-quotients. In section 4, we contrast our multiplicative completion 
of E{q^'^)E{q^^^) with that of Gordon and Hughes (see [10]). In section 6, we mention an example 
that has properties unlike the examples previously seen, and we give concluding remarks. 

2. ELEMENTARY PROOFS OF THEOREM 2.1 AND THEOREM 2.2 

Theorem 2.1. If m, s are positive integers with 24s — m > 0, then 

B{6m, m, s, q) - B{6m, 5m, s + m,q) ^ qS^f^^m-^^f^^iis-my 

Without loss of generality we assume that m and s are coprime, and hence (6m, m, s) and 
(6m, 5m, s + m) are primitive forms, but not necessarily reduced. The transformations {x, y) — )• 
(x + |, — jy) and (x, ?y) — > (x + |, y) , send (6m, m, s) to (6m, 5m, s + m). Using these transformations 
we see (6m, m, s) and (6m, 5m, s + m) are equivalent over the p-adic integers for all primes p. Equiva- 
lence over the p-adic integers implies (6m, m, s) and (6m, 5m, s + m) share the same genus [7] . Hence 
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q^E{q"^)E{q^'^^ "*) is a cusp form with simple congruential properties [17, p. 577]. 
We proceed with the proof of Theorem 2.1. 

Proof. For a fixed j we have 

^2 1^ ^ ^ ^mx^+mxy+sy^ _ ^ ^ ^mx"^ +mxy+sy^ __ ^ ^mx'^ +mx{12y+j)+s(12y+j)'^ 

y=j (mod 12) y=-j (mod 12) 

Letting x — )• —x + y and y ^ —y on the right of (2.1) yields, 

qj^ s-jmx+6mx^ -j(24s-m)y+6(24s-m)y^ _ ^sj^ I ^mjex^-jx) j j QjGy'^-jv) j 
(2.2) \ a; / \ 1/ / 

= a'^'V (g'"(6-j)^^m(6+,)j ^^6-i^g6+,-) ^ 

with Q g24s-m 

Employing (2.1) and (2.2) we obtain 

11 

B{6m, m, s,q)=J2 1''^ f (cT^^-^) ,q-^^^+^)') f (Q^-i, g6+j^ 

i=n 

=/(g''",«'")/(Q^O') 

(2.3) 



5 

+ : " 

+ g36^/(l,gi2™)/(l,Qi2). 

We repeat the above process with the form (6m, 5m, s + m) to get the analogous seven term 
expansion for B{6m, m, s, q): 

11 

B{6m, 5m, S + m, g) = ^ q(-+mh' J J^^m(6-5j)^ ^m(6+5j) j j ^g6-j^ g6+j^ 



2^g"^V (g'"(6-j),g™(6+j)^ / (Q6-J,Q6+j^ 



(2.4) 



5 

,2^g(«+™W'/ ^g™(6-5j)^gm(6+5j)^ y ^g6-j^g6+)^ 



+ g36(a+m)/ (^-24m^ ^36m) gl2) _ 

Appropriately applying (1.5) to the right side of (2.4), we write (2.4) as 
B{6m, 5m, s + m,q) =f {q'^, q^"') f (0^ Q^) 

+ 2q^+^f{q^,q^^^)f{Q\Q') 



4 



(2.5) + 2 q'^' f , j / (q6-, ^ q6+,) 

i=2 

+ 2q25-™/(g5™^^7m)y(g^Qll^ 

It is clear that many of the terms in (2.5) also appear in (2.3). Subtracting (2.5) from (2.3) we perform 

numerous cancellations to obtain 

(2.6) 

B(6m,m,.,g)-B(6m,5m,a + m,g) ^ ^ ^ ^ ^25« ^ ^ii^^ f qU^ 

_gS+mf (^m^ ^ll™^ f (g5^ g7^ _ ^SQf (^5™^ ^7m^ _^ (g^ gll^ 
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The four terms on the right of (2.6) can be written as the product 

(2.7) ■ if (9^-, g^") - / {q^, q''^)) ■ (/ (Q^ Q') - Qf {Q, Q")) . 
Employing (1.11), we conclude that 

(2.8) -B(6m, m, s, q) - B{6m, 5m, s + m,q) ^ qSE(q"^)E{q^^'-"'). 

□ 

Once again, the above identity is new although many special cases have been treated previously. 
In particular, we mention that [2] contains multiple examples with m > 1. 

Theorem 2.2. Let d be a discriminant of binary quadratic forms with 16 | d. Take m to be any odd 
positive divisor of d with ^ coprime to m. Then 

B[m,Q,\^,q)-B(Am,Am,^+m,q) ^ J ±L\ 

^ ^ ^ = q i^{q )^ -qwm . 



2 

We remark that unlike Theorem 2.1, the forms of Theorem 2.2 are not necessarily in the same 
genus. 

Proof Let k := We have 

B{m,0,4k,q)-B{'lm,4m,k + m,q)= ^ ^m.==^+fej/^ _ ^ ^m(2r.+j,)=^+fe3/^ 

y=0 (mod 2) ^''^ 

„ ,^ , ^\ x=y (mod 2) 

y=0 (mod 2) ay/ 

_ 'y ^ qmx'^+ky'^ _ 'y ^ qUix'^+ky'^ 

x=l (mod 2) x=y=l (mod 2) 

y=0 (mod 2) 



x=l (mod 2) \y=0 (mod 2) y=l (mod 2) 



^^qmi2x+lA fj2^_ijyqkyA 
K X / \ y J 



2q"'^jj{q^"')(f){-q''). 



3. The Fourier Coefficients of q^E{q)E{q'^~) 



□ 



In this section we determine the Fourier coefficients of q^E{q)E{q'^'^). We have CL(— 47) = C5 and 
the reduced forms are 



CL(-47) ^ C5 








Principal Genus (1, 1, 12), (2, ±1, 6), (3, ±1, 4) 


+1 



In the above table, p is taken to be coprime to —47 and represented by the given genus. 
Taking m = 1 and s = 2 in Theorem 2.1 yields 

(3.1) - BiW,q)-BiW,q) ^ i?(2,l,6,,)-E(3,l,4,,) ^ ^2^(^)^(^4.). 



One can check q^E{q)E{q'^'^) is not an eigenform for all Hecke operators; hence, we must find a 
completion for q^E{q)E{q'^'^). Using the first and second row of Table 1, with A = (2, 1, 6), we find 
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(3.2) ^ Mn),- := ^,^12,,) + ^3(2,1^6,,) + ^Bi3,l,4 ^^ 

n>0 

and 

(3.3) ^2 W?" := ^(^' 1' g) + ^^Bi2, 1, 6, g) + ^B{3, 1, 4, g) 



ri>0 



are multiplicative. We show (3.2) and (3.3) are eigenforms for all Hecke operators, and we find their 
eigenvalues. We then derive a formula for Ai{n) and A2{n), and exploit 



(3.4) n'E{q)E{q^')= ^ 

to find the Fourier coefficients of q^E{q)E{q^'^). 

To show (3.2) and (3.3) are eigenforms for Tp, we consider the action of Tp on the forms of discrim- 
inant —47. We separate cases according to the value of 

Case 1: (^^^ = 1- 

Using the notation of (1.19), we obtain 



(a, 6, c, n) 


(l,l,12,p)>0 


(3,l,4,p)>0 


(2,l,6,p)>0 


(l,l,12,n)^ 


2(l,l,12,n) 


2(3, 1, 4, n) 


2(2, l,6,n) 


(3,1.4,n) % 


2(3, 1,4, n) 


(l,l,12,n) + (2,l,6,n) 


(3,l,4,n) + (2,l,6,n) 


(2,l,6,n)^ 


2(2, 1, 6, n) 


(3,l,4,n) + (2,l,6,n) 


(l,l,12,n) + (3,l,4,n) 



With the aid of the table above, we compute the action of Tp on A\{n) and A2{n): 





(l,l,12,p)>0 


(3,l,4,p)>0 


(2,l,6,p)>0 


A,{n) % 


2Ai{n) 


^^A,{n) 


^Ai(n) 


A2{n) ^ 


2^2 (n) 


^A,{n) 





Hence, (3.2) and (3.3) are eigenforms for Tp, with eigenvalues 2, ^ ^ , ^ ^ when i^—^j = 1- 
Case 2: (^^) = -1- 

A prime p with = ~1 implies (a, &, c,p) = for any form of discriminant —47. Thus, (3.2) and 

(3.3) are eigenforms for such Tp with eigenvalue 0. 

Case 3: = 0- 

We find that (3.2) and (3.3) arc eigenforms for T47 with eigenvalue 1. 

We have shown (3.2) and (3.3) are eigenforms for all Hecke operators, and have found their corre- 
sponding eigenvalues. 

We now state criteria to determine when (a, &, c,p) > for a form of discriminant —47. We 
are able to distinguish each case by examining the Weber Class polynomial for discriminant —47, 
W-4t{z) := + 2z^ + 2z^ + z^ — 1. As mentioned in section 1, we follow the method of [7] to find: 



8 



ALEXANDER BERKOVICH AND FRANK PATANE 



(1) (1, 1, 12,p) > iff p = 47 or rem(^f, W_47(^)) = z (mod p), 

(2) (2,l,6,p) > iff rem(94zP, Vr_47(2)) = 

(-47 + 3rp)z'^ + (-5rp - 47)^^ + {-llVp - Al)z'^ + (-5rp - 47)^ - 47 - Tp (mod p), 

(3) (3,l,4,p) iff rcm(94^P,VF_47(z)) = 

(rp + 47)^'* + (47 - rp>3 + (7rp + 47)^;2 + UzVp - 47 + 5rp (mod p), 

where rp is defined by (rp)^ = —47 (mod p). 

Define 51,52, 5*3 to be the set of primes p 7^ 47 represented by (1, 1, 12), (2, 1, 6), and (3,1,4), 
respectively. Let ^4 be the set of primes p with = ~1- 

We factor a positive integer n as 

(3.5) n = 47-<^-(") n Pi'''"^"' n ^'2'"''"'^"' n f"'''"^"' n pT"'^"^- 

P16S1 P2&S2 P36S3 P4eS4 

Employing (1.18), along with our computed eigenvalues, we obtain 



(3.6) 



and 



(3.7) 



where 



'1 p = 47, 

1 + a p G Si, 

Ai(p") = i U{a) PGS2, 

Via) p e 53, 

. pes,, 

' 1 p = 47, 

l + a peSi, 

A2{p") = { V{a) p e 52, 

U{a) p e 53, 
pes,. 



sin(27r(z + l)/5) 
sin(27r/5) ' 

sin(47r(z + l)/5) 



(3.8) U{z) :- 
and 

(3.9) V{z) := . , 

sm(47r/5) 

are arithmetic functions of period 5. Using the multiplicativity of Ai(n) and A2{n), along with (3.6) 
and (3.7), we have 

(3.10) Ai{n)= n (l + ordp,(n)) [] C/(ordp,(n)) [] ^(ordp3(n)) [] , 



pieSi 



P2ES2 



P3&S3 



Pi&Si 



and 

(3.11) A2{n)= n (l+ordp,(n)) ^(ordp,(n)) [] C^(ordp3(n)) [] , 

PiGSi P2£S2 P3&S3 Pi&Si 

where n is factored as in (3.5). Employing (3.4), (3.10), and (3.11), we obtain 



(3.12) 



^w=7f n (i+ordp,(n)) n 



1 (_-l)ordp4(") 



P16S1 



P4 6S'4 
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where 

(3.13) Pn= U «7(ordp,(n)) JJ V{oTdp,{n)) - JJ ^(ordp,(n)) JJ Uioid^^in)). 

P2eS2 P3&S3 P2eS2 paeSs 

We explore the functions U{z) and V{z), and find a different representation for both P„ and a{n). 
Since U{n) and V{n) are periodic, we can tabulate their explicit values 



n 


U{n) 


V{n) 


n = (mod 5) 


1 


1 


n = 1 (mod 5) 


v'".-l 


-v'".-l 


n = 2 (mod 5) 


-\/5+l 




n = 3 (mod 5) 




-1 


n = 4 (mod 5) 









Given a positive integer n, wc define to be the number of primes p2 G 5*2 such that ordp2(n) = i 
(mod 5). Similarly, Sj is the number of primes ps € S3 such that ordp3(n) = i (mod 5). 



We have 
(3.14) 

and 
(3.15) 

where a : 
Then 

(3.16) 

and 
(3.17) 



n C/(ordp,(n)) = 5r,,o ■ {-1Y^+^^ ■ a^^+'^, 
P2&S2 



n Viordp,{n)) = Ss,,o ■ (-1)^^+^^ • 
i^i^, /3 := i^*^, and is 1 if i = j and otherwise. 

n U{0Tdp,{n)) n ^(ordp3(n)) = 5,,+,„o-(-l)^=+'^^+«^+'^^-/3^^+^=-'^^-'-% 

P2ES2 Ps^Sa 



n ^^(ordp,(n)) n f^(ordp3(n)) = ^r.+«„o • (-l)'-^+'-3+.i+.3 . ^«,+..-..-r._ 



P2eS2 psSSa 

Subtracting (3.17) from (3.16) yields 
(3.18) Pn = (-l)'-^+'-3+«i+«3 . 5^^^^^ . (/3«i 

We write (3.12) as 



+S2-l"l-r2 _ Q,Sl+S2-l-l-r2^ 



1 -I- (_l)ordpj(Tl) 



(3.19) 

which gives an alternate formulation for the Fourier coefficients of q'^E{q)E{(f'^). 



4. Weight 1 eta-products with levels 135, 272, 1872 
Applying Theorem 2.1 with m — s = \ yields 
(41) i?(54,9,l,g)-i3(54,45,10,g) ^ i?(l, 1, 34, g) - i3(4, 3, 9, g) ^ ^^^^9)^(^15)^ 

and m = 3, .s = 2 gives 

(4 2) i3(18,3,2,g)-i3(18,15,5,g) ^ i3(2, 1, 17, g) - i?(5, 5, 8, g) ^ E{q^)E{q^^y 
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We have CL(— 135) = Cq and the reduced forms listed according to genus are 



CL(-135) ^ Cg 


(0 


(!) 


Principal Genus 


(1,1,34), (4,3,9), (4,-3,9) 


+1 


+1 


Second Genus 


(5,5,8), (2,1,17), (2,-1,17) 


-1 


-1 



In the above table, p is taken to be coprime to —135 and represented by the given genus. 
With the aid of Table 1 with A = (2, 1, 17) and (A) = Ce, wc find 



(4.3) 

and 
(4.4) 



^ _ B{1, 1, 34, g) - i?(4, 3, 9, g) - (i3(2, 1, 17, g) - B{5, 5, 8, g)) 



n>0 



are both multiplicative. Note that (4.3) is the sum of (4.1) and (4.2), and that (4.4) is the difference of 
(4.1) and (4.2). Similar to the previous example, we show (4.3) and (4.4) are eigenforms for all Hecke 
operators by examining the action of Tp on the forms of discriminant —135. We use the notation of 
(1.19). 



Case 1: 



-135 
P 



= 1. 



(a, 6, c, n) 


(l,l,34,p) > 


(4,3,9,p) > 


(2,l,17,p) > 


(5,5,8,p) >0 


(l,l,34,n)^ 


2(1,1, 34, n) 


2(4, 3, 9, n) 


2(2,1, 17, n) 


2(5, 5, 8, n) 


(4,3,9, ri) ^ 


2(4, 3, 9, n) 


(l,l,34,n) + (4,3,9,n) 


(2. 1. 17. ri) + (5, 5. 8. n) 


2(2,1. 17, n) 


(2, i, 17, ii) 


2(2,1,17, j/J 


(5, 5. «. /() - (2, 1, 17, /;) 


U.l.;il,/0 + (i.3,9./(J 


2(l,3,9./i) 


(5,5,8,n)^ 


2(5, 5, 8, n) 


2(2,1, 17, n) 


2(4, 3, 9, n) 


2(1,1, 34, n) 



Using the above tabic, it is easy to verify (4.3) and (4.4) are eigenforms under Tp with eigenvalues 2 
or —2, for a prime p with I I = 1. 



P 



Case 2: (^) = -1. 

A form (a, b, c) of discriminant —135 has (a, b, c,p) = when (^—y^^ = — li and hence (4.3) and (4.4) 
are eigenforms for such Tp with eigenvalue 0. 

Case 3: (^^) = 0. 

(4.3) is an eigenform for T5 with eigenvalue —1, and (4.4) is an eigenform for T5 with eigenvalue 1. 

Both (4.3) and (4.4) are eigenforms for T3 with eigenvalue 0. 

We have shown (4.3) and (4.4) are eigenforms for all Hecke operators, and have found their eigenvalues. 

We now state criteria to determine when {a,b,c,p) > for a form of discriminant —135. Weexamine 
the factorization of the Weber class polynomial W^_i35(.t) = — — 3.t^ + 2x^ + 30x^ + 33a; — 1 

modulo p. Following the method of [7], we find that for a prime p with (^—^^ = 1, we have 

(1) p is represented by the form (1, 1, 34) if and only if H^_i35(x) splits completely modulo p, 

(2) p is represented by the form (4, 3, 9) if and only if W-i35{x) factors into two irreducible cubic 
polynomials modulo p, 
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(3) p is represented by the form (5,5,8) if and only if W-is5{x) factors into three irreducible 
quadratic polynomials modulo p, 

(4) p is represented by the form (2, 1, 17) if and only if W-is5{x) remains irreducible modulo p. 

We define Si, S2, S3, S4 to be the sot of primes p 7^ 5 represented by (1,1,34), (5,5,8), (4,3,9), 
(2, 1, 17), respectively. We also take ^5 to be the set of primes p with ^) = —1- Employing (1.18) 
along with the previously computed eigenvalues, we obtain 



(4.5) 



and 



(4.6) 






p = 3, a > 


(-1)" 


p = 5, 


1 + a 


P e 5*1, 


(-1)"(H 


ha) p e 5*2, 


U{a) 


p e 5*3, 


Via) 


P&Si, 


i+(-i)° 
2 


peS5, 



r 

1 

l + a 
U{a) 
i+(-i)° 



p = 3, a > 0, 
p = 5, 
P&Si\J S2, 
PGS3U Si, 



where 



(4.7) 
and 
(4.8) 



U{z) := 
Viz) :- 



sin(27r(z + l)/3) 
sin(27r/3) ' 

sin(7r(^ + l)/3) 



sin(7r/3) 

The functions i7(n) and Vin) are periodic and we tabulate their values 



n 


Uin) 


Vin) 


n = (mod 6) 


1 


1 


n = 1 (mod 6) 


-1 


1 


n = 2 (mod 6) 








n = 3 (mod 6) 


1 


-1 


n = 4 (mod 6) 


-1 


-1 


n = 5 (mod 6) 









Given a positive integer n we write 

(4.9) n=r5'' n pT''"'^"^ n p"""'^"^ n ps"'"^"^ n pr^'^"' n p^"''"'' 

Pi&Si P26S2 P3&S3 P4&S4 

where a = ord3(n) and b = ord5(n). Given the factorization of n in (4.9), we employ (4.5) and (4.6) 

to find 

(4.10) 

ain) = i-l)'+'.Sa,o- n + 11 ^iovdM) H ^i^^^i^)) U ' 

peSiUS2 PaeSa P4.eSi p^eSs 
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and 

(4.11) b{n)=5a,o- n (l + ordp(n)) [] C/(ord»(n)) [] ^ , 

peSiUS2 weS3US4 psgSs 

where t is the number of primes factors of n, counting multiplicity, that are contained in 52. 

Similar to the previous example, we are able to rewrite (4.10) and (4.11) by exploiting the period- 
icity of U{z),V{z). Define r, to be the number of primes e S3 such that ordp3(n) = i (mod 3), 
and Si to be the number of primes p4 G S4 such that OTdp^{n) = i (mod 6). 

Given the factorization of n in (4.9) we have, 

(4.12) Yl UioTdp,{n)) = dr,,o-{-ir\ 

P3&S3 

and 

(4.13) n V{oTdp,{n)) = 6,,+,,,o-{-iy'+''. 

P4eS4 

We rewrite (4.10) and (4.11) 

(4.14) a{n) = {-l)'+'+^^+^^+^-.5a+r.+sM- U (l + ordp(n)) J] > 

peSiUS2 PseSs 

and 



(4.15) b{n) = i-ir+^^+^*-da+r2+s2+s,fi- n (l+ordp(n)) JJ 

peSiUS2 p^eSs 



1 + (_l)ordp5(n) 



Both (4.10) and (4.14) give the Fourier coefficients of qE{q^)E{q^^) + q^E{q^)E{q'^^), and since 
qE{q^)E{q^^) and q^E{q^)E{q*^) have no common terms we can extract the Fourier coefficients of 
each product by employing congruences. We have 



[q ]qE{q )E{q )-| ^ ^ ^ ^ ^ (mod 3), 



and 



n^E{q^)E{q^'') 



a{n) n = 2 (mod 3), 
n = 0, 1 (mod 3). 



Comparing (4.15) with (4.14), we get the simple relation 

(4.16) bin) = (-l)^i+^3+''+*a(n), 
with t the same as in (4.10). 

Using a{n) + b{n) = [q'']2qE{q^)E{q^^) and a(n) - 6(n) = [q'']2q'^E{q^)E{q^^) we find 

(4.17) [g"]2gi;((;9)£;(gi5) = (1 + {-l)b+t+-^+-^)a{n), 
and 

(4.18) [q'']2q^E{q^)E{q^^) = (1 - {-l)''+'+''+''^')a{n). 

Thus we are able to derive the Fourier coefficients of qE{q^)E{q^^) and 
q^E{q^)E{q^^) by congruences, and by using more than one completion. 
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4.1. An Eta-Product of Level 272. Taking s = 3 and m = 4 in Theorem 2.1 yields 



(4.19) 



B(24, 4, 3, q) - B(24, 20, 7, q) B{3, 2, 23, q) - B{7, 6, 11, q) 



2 2 
We have CL(— 272) = Cg and the reduced forms listed by genus are 



(Z^ii;(g^)iJ(r). 



CL(-272) = Cs 


(fr) 








Principal Genus 


(1,0,68), (4,0,17), (8,4,9), (8,-4,9) 


+1 


+1 


Second Genus 


(3,2,23), (3,-2,23), (7,6,11), (7,-6,11) 


-1 




-1 





In the above tabic, p is taken to be coprime to —272 and represented by the given genus. 
Using Table 1 with A = (3, 2, 23) and (A) ^ Cs, we find 



(4.20) 



and 



^ B{1, 0, 68, q) - B{4, 0, 17, q) + V2{B{3, 2, 23, q) - B{7, 6, 11, q)) 
2^ Ai (n)g := , 



n>0 



X^Af^n 0, 68, q) - B{4, 0, 17, q) - V2{B{3, 2, 23, g) - B{7, 6, 11, g)) 
2^^2(nj5 := ^ , 

n>0 

are both multiplicative. Actually, (4.20) and (4.21) are eigenforms for all Hecke operators as we will 
soon show. 

By employing (1.13) we derive the identity 

(4.22) i?(l,0,68,,)-i^(4,0,17,,) ^ ^^(^a8)^(^8) _ ,iv^(,4)^(^r3a). 

We note that the nonzero terms of the Fourier expansion of (4.22) have exponents congruent to 1 
(mod 4), while the expansion of q'^E{q'^)E{q^^) contains only exponents congruent to 3 (mod 4). 
In other words, congruences can be employed to extract the coefficients of (4.19) from the completions 
(4.20) and (4.21). 

The action of Tp on the forms of discriminant —272 are omitted since the computations are anal- 
ogous to the examples for discriminant —47 and —135. The action of Tp on Ai{n}, A2{n) is given 

below for primes p with = 1^ 





(l,0,68,p) > 


(4,0,17,p)>0 


(8,4,9,p)>0 


(3,2,23,p) > 


(7,6,ll,p)>0 


Ai{n) ^ 


2Ai{n) 


-2Ai(n) 





V2Aiin) 


~V2Aiin) 


A2{n) ^ 


2^2 (n) 


-2A2{n) 





-V2A2{n) 


V2A2{n) 



If = —1) then Ai{n) and A2{n) are eigenforms for Tp with eigenvalue 0. Ai{n) and A2{n) 

are eigenforms for T2, and both have eigenvalue 0. Ai{n) and ^2(71) are eigenforms for T17, and both 
have eigenvalue —1. 

Using (1.18) with our computed eigenvalues, we find 



(4.23) 



Aiip") 





(-1)" 
l + a 

(-l)"(l + a) 

U{a) 
Via) 

(_l)f(^ 

(-1)°+! 
2 



p = 2, a > 0, 
p=17, 

(l,0,68,p)>0, 
p^l7, (4,0,17,p)>0, 

(3,2,23,p)>0, 
(7,6,ll,p)>0, 

(8,4,9,p)>0, 
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and 



(4.24) 





(-1)" 
1 + a 

i-ini+a) 

Via) 
U{a) 

(_i)fMm 

(-1)°+! 



p = 2, a > 0, 
p=17, 

(l,0,68,p)>0, 
p^n, (4,0,17,p)>0, 
(3,2,23,p)>0, 
(7,6,ll,p)>0, 

(8,4,9,p)>0, 



with 



(4.25) 

and 

(4.26) 

The functions U{n) and V{n) 



n 


Uin) 


V{n) 


n = (mod 8) 


1 


1 


n = 1 (mod 8) 


V2 


-V2 


n = 2 (mod 8) 


1 


1 


n = 3 (mod 8) 








n = 4 (mod 8) 


-1 


-1 


n = 5 (mod 8) 


-V2 


V2 


n = 6 (mod 8) 


-1 


-1 


n = 7 (mod 8) 









._ sin(7r(2: + l)/4) 
sin(7r/4) ' 

^ sin(37r(z + l)/4) 
^ ' ' sin(37r/4) ' 

are periodic and we tabulate their values in Table 2. 

Table 2 



Wc now state criteria to determine when a form of discriminant —272 represents a prime p with 
(~f^) ~ ^' "^^^ factorization pattern of W_272(-z) := -2^ — -2* — 4 (mod p) does not distinguish 

between primes represented by (3, 2, 23) and (7, 6, 11). We resort to the method of [7] to find: 

(1) (1,0,68,33) > if and only if rem(zP,M^_272(2)) = ^ (mod p), 

(2) (4,0, 17,p) > if and only if p = 17 or rem(2P, W'_272(2)) = (modp), 

(3) (8, 4, 9,p) > if and only if rem(682;P, W^_272(-2)) = 2rpZ^ - VpZ (mod p), 

(4) (3, 2, 23,p) if and only if rem(272^f , W-272{z)) = [rp - 68)^^ + (68 - Qrp)z^ (mod p), 

(5) (7, 6, 11, p) if and only if rem(2720f , W-272{z)) = [rp + 68)^^ + (-68 - <drp)z'^ (mod p), 

where Vp is defined by (r^)^ = —272 (mod p). 

Define Si to be the set of primes p ^ 17 roprosontcd by (1, 0, 68) or (4, 0, 17). Wc also define 82, S3 
to be the set of primes p represented by (3, 2, 23), (7, 6, 11), respectively. Lastly, we let >S4 be the set 

of primes p with (8, 4, 9,p) > or (^|^) = -1- 

Using (4.23) and (4.24) we have 
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(4.27) 

PiSSi P26S2 P36S3 

and 
(4.28) 

^2(n) = (-l)''+*+2.^„,o n n nord,,{n)) ^/(ordpsW) H ^' 

P16S1 P2GS2 P36S3 P46S4 

where 6 = ordi7(n), a = ord2(n), t is the number of primes factors p 7^ 17 of n, counting multiplicity, 
that are represented by (4,0, 17), and s is the number of primes factors of n, counting multiplicity, 
that are represented by (8,4,9). Note that if s is odd, then ordp4(n) is odd for some P4 G S4, and 
thus (4.27) and (4.28) vanish. 

As mentioned earlier, we are able to employ congruences to extract the coefficients of q'^E{q'^)E{q^'^) 
from the completion (4.20). We obtain 

Ai{n)/V^ n = 3 (mod 4), 
otherwise. 



Similar to the examples for discriminant —47 and —135, we are able to rewrite (4.27) and (4.28) by 
using the properties of U{z) and V{z). Given a positive integer n, we define to be the number of 
prime factors of n with p2 G ^2 such that ordp^ (n) = i (mod 8). Similarly, Sj is the number of prime 
factors of n with S ^3 and ordp3(n) = i (mod 8). 

With the notation of rj and Sj we have 

(4.29) H U{ovdM) = 6r,+r,,o ■ (-1)'-*+'-=+'-^ • 2^, 
P2GS2 

and 

(4.30) H V{oTdM) = (5,3+,„o • {-iy^+^-+^^ ■ 2^, 
P3e'S3 

where 5ij is 1 if i = j and otherwise. Letting ki := rj + Si for i = 1,2, we obtain 

(4.31) n f/(ordp,(n)) [] Viord,,in)) ^ dk,+kr,o ■ {-ir 2^ 
P2&S2 P3&S3 

and 

(4.32) n nordp2in)) H U{ovdM) = ^k.+k.fi ■ {-17'+''+"'+'"^ ■ 2^ . 

P26S2 P3GS3 
Using (4.31) and (4.32) wc reformulate (4.27) and (4.28) as 

(4.33) Ai(n) = (-l)''+*+2+^^+'-=+'=^+'=^.5„+,3+,^,o-2^ H (l+ovdM) J] ^' 

pieSi p4eS4 

and 

....s. . , , , , fci+fc5 T-r T-r (-l)o''dp4(") + 1 

(4.34) A^in) = i-l)''+'+2+^^+'^+'^^+'"^.S^+,^+,,^o-2^ [] (l+ordp,(n)) 

piGSi P4£'S4 

with a, b, t, s the same as in (4.28). 
We now exploit 

(4.35) Ai(n) - A2{n) = [q'-]2V2q^E{q^)E{q^^), 
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along with (4.27), and (4.28), to write a formula for [q"']q^E{q'^)E{q^^) without reference to congru- 
ences. 

Comparing (4.33) and (4.34), we see the relation, 

(4.36) Aiin) = {-lp+'''A2{n). 
Combining (4.36) and (4.35), we obtain 

(4.37) [(z"]2V2g-^i?(g4)i?(/'8) = Ai(n)(l - (-1)'^^+'==), 

and thus the Fourier coefficients of 2y/2q^E{q'^)E{q^'^) are given by 
(4.38) 

(l_(_l)fei+fea)(_i)6+t+2+«i+'-5+/=4+fea.j^^^^^^^,^.2^ JJ (1 + ord^, (n)) n ^-^^ —■ 

PiSSi P46S4 

4.2. An Eta-Product of Level 1872. Applying Theorem 2.1 with m = 12 and s = 7, yields 
(4 39) i?(72,12,7,g)-i?(72,60,19,g) ^ i?(7, 2, 67, g) - j3(19, 16, 28, g) ^ ^7^(q)^(q13)^ 

where we define Q := q^^. 

We have CL(-1872) ^ C4 x C4 and 



CL(-1872) = C4 X C4 


(!) 






Principal Genus 


(1, 0, 468), (4, 0, 117), (9, 0, 52), (13, 0, 36) 


+1 


+1 


+1 


Second Genus 


(7,2,67), (7,-2,67), (19,16,28), (19,-16,28) 


+1 


-1 


-1 


Third Genus 


(8,4,59), (8,-4,59), (11,8,44), (11,-8,44) 


-1 


-1 


-1 


Fourth Genus 


(9,6,53), (9,-6,53), (17,10,29), (17,-10,29) 


-1 


+1 


+1 



In the above table, p is taken to be coprime to —1872 and represented by the given genus. 

Using the bottom row of Table 1 with A = (7, 2, 67), B = (11, 8, 44) we find 
(4.40) 

5(1, 0, 468, q) + B{13, 0, 36, q) - B{4, 0, 117, q) - B{9, 0, 52, q) 



5(1, 0, 468, q) + 5(13, 0, 36, q) - 5(4, 0, 117, q) - 5(9, 0, 52, q) 



+ 2q'E{Q)E{Q'-'), 



2q'E{Q)E{Q'^). 



n>0 

and 
(4.41) 

E^2(n)g" 

n>0 

are multiplicative. 

Appropriately applying (1.12), (1.13), and (1.14) to 

(4 42) 5(1, 0, 468, q) + 5(13, 0, 36, q) - 5(4, 0, 117, q) - 5(9, 0, 52, q) 

we see wonderful cancellation that transforms (4.42) into 

(4.43) q [HQ^')f{Q\ Q^) + Qm^)f{Q^^ Q'') - 2QV(Q')/(Q'', Q'') - 2QiV(Q^«)/(Q, Q^)] . 

Since Q := q^'^ , the Fourier expansion of (4.43) only contains terms with exponents congruent to 
1 (mod 12). Similarly, the Fourier expansion of q' E{Q)E{Q^^) only contains terms with exponents 
congruent to 7 (mod 12). Hence congruences can be employed to extract coefficients of (4.39) from 
the completion (4.40). 

In [10], Gordon and Hughes consider the product q^E{Q)E{Q^^), and introduce the function 
(4.44) 

Kq) = q [H-Q^^)fiQ^ Q^) + Q<l>{-Q^)f{Q^^ Q'') - Q'm^)f{Q'\ Q^') - Q''m'^)f{Q, Q')] • 

One can verify h(q) + 2q'^ E{Q)E{Q^'^) is an cigenform for some, but not all Heeke operators. Indeed, 
h{q) + 2g^5(Q)5(Qi3) ^ot an eigenform for Tr,Tii,Tn, among others. We note the striking 
similarlity between (4.43) and h{q). 
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The action of Tp on the forms of discriminant —1872 are omitted since the computations are 

analogous to previous examples. The action of Tp on Ai{n) and A2{n) is given below for primes p 

with (I) = (^~^^ = 1- Note the property (|) — (^~^^ = 1 is equivalent to the prime p ^ 13 being 
represented by the principal genus or second genus, acoording to the table of genera at the beginning 
of this example. 





(1,0,468,;)) > 


(4,0, 117,p) > 


(13,0,36,p) > 


(9,0,52,p) > 


(7,2,67,p) > 


(19, 16,28, p) > 




2^1 (n) 


-2Ai(n) 


2^1 (n) 


-2Ai(n) 


2Ai(n) 


-2^1 (n) 


A2(n) \ 


2^2 (n) 




2^2 (n) 


-2A2(ra) 


-2A2(n) 


2^2 (n) 



If p ^ 13 does not have (|) = 



-13 
P 



= 1, then Ai{n) and A2{n) are eigenforms for Tp with 
eigenvalue 0. Ai{n) and A2{n) arc eigenforms for T13 with eigenvalue 1. Thus Ai(n) and ^2(72) are 
eigenforms for all Hecke operators. Employing (1.18) we obtain 



(4.45) Aiip" 



and 



(4.46) A2(p") = <^ 




1 

1 + a 

(-l)"(l + a) 



(-1)°+! 
2 



(-1)° + ! 



p = 2,3, a> 0, 

p = 13, 

p ^ 13, (1, 0, 468,p) + (13, 0, 36,p) + (7, 2, 67,p) > 0, 
(4, 0, 117, p) + (9, 0, 52,p) + (19, 16, 28,p) > 0, 

(f) = (^)=l. 
-1, 



^^1872^ 



p = 2,3, a>Q, 
p=13, 

p + 13, (1,0, 468,p) + (13, 0, 36,p) + (19, 16, 28, p) > 0, 




1 

1 + a 

(-1)"(1 + a) (4, 0, 117, p) + (9, 0, 52,p) + (7, 2, 67,p) > 0, 
(_l)fMm -(|) = (^)=1, 



(-1)° + ! 
2 



-1872 



= -1. 



We notice |Ai(p")| = |A2(p")|, and to determine the sign we need a way to distinguish between 
representations by forms of discriminant —1872. Since |CL(— 1872)| = 16, the associated Weber class 
polynomial, W-x^nix)-, is a degree 16 polynomial. Explicitly, 

W_i872(a;) :=a;i^ - ^x"^ + 24a;" - 34a;" + a;^^ + 246a;" - 1094a;i° + 25743;^ - 4200a;^ + 5608x^ 

- 5144a;^ + 858a;^ + 4189a;^ - 5166.?;^ + 2814a;2 - 750a; + 69. 

Following [7] , one can use the remainder criteria that we have seen in previous examples to determine 
which primes are represented by a form of discriminant —1872. The coefficients in this criteria become 
rather large; and so wc omit the computations. We remark that the procedure is completely analogous 
to that of section 3. 

Let S\ be the set of primes p with (|) = = 1- 

Employing (4.45) and (4.46) we obtain 

(4.47) Ax{n) = ■ <5ord2(n)+ord3(n),o H + ovdp,{n)) II 

PieSi p2^SiU{2,3,13} 

and 



(4.48) 



A2{n) = (-l)*^+2 . (5ord.(n)+ord3(n),0 [[ (1 + Ordp,(n)) J| „ , 



P2^SiU{2,3,13} 
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where n has ti prime factors with (4, 0, 117, p) + (9, 0, 52, p) + (19, 16, 28, p) > 0, t2 prime factors with 

(4,0, 117, p) + (9,0,52,p) + (7,2,67,p) > 0, s prime factors with - (|) = - 1, and the right 

most product is taken over primes p2 ^ SiU {2, 3, 13}. All prime factors are counted with multiplicity, 
and similar to the previous example, s odd implies (4.47) and (4.48) vanish. 

As mentioned earlier, we can write the Fourier coefficients of q'^E{Q)E{Q^^) by employing congru- 
ences. We have 

Comparing (4.47) and (4.48), we see 

(4.49) ^i(n) = (-l)*^+*^A2(n). 
Subtracting (4.41) from (4.40) gives 

(4.50) Ai(n) - A2{n) = [q"]Aq' E{Q)E{Q^^). 
Combining (4.49) and (4.50) we have 

(4.51) [q^]4q'E{Q)E{Q'^) = A,{n){l - (-1)*^+*=), 
and we can write the Fourier coefficients of Aq'' E{Q)E{Q^^) as 

(4.52) (1 - (-l)*i+*^)(-l)*i + i . (5„,d.(n)+ord3(„),0 n (1 + O^dpi H) n 

pieSi p2^SiU{2,3,13} 

5. Certain eta-quotients from the list of Yves Martin 

In the following examples we proceed similarly to the examples of section 4, except we refer to 
[13] to prove the quotient in question is an eigcnform for all Hecke operators. We then compute the 
eigenvalues and the Fourier coefficients of the related quotient. 

5.1. An Eta-Quotient of Level 256. Taking m = 1 and d — —256 in Theorem 2.2, we obtain 



(5.1) 



n>0 



5(l,0,64,g)-B(4,4,17,g) 



E\q^^) 



2 ""^^ '"^ " ' ^ E{q»)E{q^^)' 

We find CL(— 256) = C4 and we list the reduced forms according to their genus 



CL(-256) ^ C4 








(i) 




Principal Genus 


(1,0,64), (4,4,17) 


+1 


+1 


Second Genus 


(5,2,13), (5,-2,13) 


+1 




-1 





In the above table, p is taken to be coprime to —256 and represented by the given genus. 

In [13], Y. Martin proves (5.1) is an eigenform for all Elecke operators, but does not give the cor- 
responding eigenvalues a{p). The representation of qip{q^)(f){—q^^) in (5.1) allows us to calculate the 
eigenvalues a{p). 



Using a{p) 
1, we have 



(5.2) 



(l,0,64,p)-(4,4,17,p) 
2 



, along with the basic theory of binary quadratic forms, see section 



a{p) 



p = 2, 

2 (l,0,64,p) > 0, 

-2 (4,4,17,p)>0, 

p = 5 (mod 8), 

p = 3 (mod 4). 



Similar to the previous examples, we may use the Weber class polynomial 14^-256(2^) = — 2 
to determine exactly when (l,0,64,p) > or (4,4, 17, p) > 0. However, we choose to employ an 
equivalent criteria which does not refer to W-256{x). Following [7], we find that for a prime p we have 
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p-1 



(1) (l,0,64,p) > if and only if PEE 1 (mod 8) and 2 4=1 (modp), 



p-i 



(2) (4, 4, 17, p) > if and only if p = 1 (mod 8) and 2~ 



-1 (modp). 



Employing (1.18) along with (5.2), we find 

( p = 2, a > 0, 

1 + a 



p-i 



p = 1 (mod 8) and 2 4 =1 (mod p), 

(5.3) a{p")={ (_i)a(i + c^) p = 1 (mod 8) and 2^ = -1 (mod p), 

(-1)2+1 

p = 3 (mod 4). 

To calculate a{n) we partition the odd prime divisors of n according to their residue modulo 8. We 
write 

(5.4) n=2« n p"'"''"^"^ n 

pi = l (mod 8) P2=3,5,7 (mod 8) 

where a = ord2(n). 

Using (5.3) and the factorization in (5.4), we derive 



(_l)2i:iil^ p=5 (mod 

(-1)° + ! 
2 



ordp2 (n) 
P2 



(5.5) 



s ( _ 1 ^ ordp2 (n) I 1 

a(n) = (-l)*+2 .<5„,o H (l + ordp,(n)) [] ^' 



pi = l (mod i 



P2=3,5,7 (mod 8) 



where t is the number of prime factors of n, counting multiplicity, that are congruent to 1 (mod 8) 
P-i 

and have 2 4 = — 1 (mod p), and s is the number of prime factors of n, counting multiplicity, that 
are congruent to 5 (mod 8). Similar to previous examples, if s is odd then ordp2(n) is odd for some 
P2 = 5 (mod 8), and thus a(n) vanishes. 

We remark that formula (5.5) was first stated in [1] without proof. 

5.2. An Eta-Product of Level 80. Applying Theorem 2.1 with m = 4 and s = 1 yields 

(5.6) "H'^" - ^(24,4,M)-E(24,20,5,,) ^ E(l, 0, 20, ,) - E(4, 0, 5, ,) ^ ^^(^4)^(^20). 

n>0 

We have CL(— 80) = C4, and we explicitly list the reduced forms according to their genus 



CL(-80) ^ d 


(!) 




Principal Genus 


(1,0,20), (4,0,5) 


+1 


+1 


Second Genus 


(3,2,7), (3,-2,7) 


-1 


-1 



In the above table, p is taken to be coprimc to —80 and represented by the given genus. 

Similar to the previous example, qE{q^)E(q^^) is an eigenform for all Hecke operators by appeal- 
ing to [13]. The representation of qE[q^)E{q^^) in (5.6) allows us to calculate the corresponding 
eigenvalues a(p). Using a(p) = (^'0'^0'P)~(^'0'^'P) ^ -^q have 



'0 p = 2, 

-1 P = 5, 

(5.7) a(p) = <^ 2 (l,0,20,p) > 0, 

-2 p^5,(4,0,5,p)>0, 

p= 3,7,11,13,17, 19 (mod 20). 

To determine whether a given prime p = 1, 9 (mod 20) is represented by (1, 0, 20) or (4, 0, 5), one 
may examine the factorization of the Weber class polynomial VK_8o(2^) = a;** — 5 modulo p. Like the 
previous example, we give an equivalent criteria that avoids reference to W-so{x). Following [7], we 
find that for a prime p we have 
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(1) p is represented by the form (1,0, 20) if and only if 

(p = 1 (mod 20) and 5^ = 1 (mod p)) ov {p = 9 (mod 20) and 5^ 



-1 (modp)). 



(2) p ^ 5 is represented by the form (4, 0, 5) if and only if 

p—i p— 1 

(p = 1 (mod 20) and 5 4 =—1 (mod p)) or (p = 9 (mod 20) and 5 4 =1 (modp)). 

Define 81,82 to be the set of primes p ^ 5 represented by (1,0,20), (4,0,5), respectively. Using 
(1.18) along with (5.7), we find 

p = 2, a > 0, 
(-1)" p = 5, 

1 + a p€Si, 
(5-8) a(p")=<; (_i)"(i + q:) p^S2, 

(-l)fi±^2^ p= 3,7 (mod 20), 
^±^2^ p= 11,13, 17,19 (mod 20). 



Employing (5.8), we derive 

a(n) = (-l)*+i+°'-'i=(") • 5„,d.(„),o n (l+ord^W) IT 

peSiUS2 9=3,7,11,13,17,19 (mod 20) 



where s is the number of prime factors of n, counting multiplicity, congruent to 3,7 (mod 20), and t 
is the number of prime factors of n, counting multiplicity, contained in ^2. If s is odd, then ordq(n) 

is odd for some q = 3,7 (mod 20), and thus a{n) vanishes. 

5.3. Eta-Quotients of Level 144 and 576. Applying Theorem 2.1 with s = 1 and m = 12, and 

reducing the quadratic forms, we obtain 



(5.9) 



^ B(l,0,36,g)-B(4,0,9,g) ^ ^^2^^,2^ 



n>0 



We have CL(— 144) = C4, and wo list the reduced forms according to their genus 



CL(-144) = Ci 


(!) 








Principal Genus 


(1,0,36), (4,0,9) 


+1 


+1 


Second Genus 


(5,4,8), (5,-4,8) 


-1 


+1 



In the above table, p is taken to be coprime to —144 and represented by the given genus. 

In [13], Y. Martin proves (5.9) is an eigenform for all Hecke operators. 
Using a{p) = (i.o.36.rt-(4,o,9.p) ^ j^^^^ 



(5.10) 



a{p) 



( p = 2,3, 

2 (l,0,36,p)>0, 

-2 (4,0,9,p)>0, 

p= 5,7,11 (mod 12). 

We may use the Weber class polynomial W-i44{x) := — 2x^ + 4a; — 2 to determine exactly when 
(l,0,36,p) > or (4,0, 9, p) > 0. Once again, we employ an equivalent criteria which does not refer 
to W-iii{x). Following [7], we find that for a prime p we have 

P-1 

(1) (l,0,36,p) > if and only if p = 1 (mod 12) and 12 4 = 1 (mod p). 



(2) (4, 0, 9, p) > if and only if p = 1 (mod 12) and 12 4 



-1 (mod p). 
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Employing (1.18) along with (5.10) we find 

CO p = 2,3a>0, 

1 + a 



(5.11) 



p-i 



p=l (mod 12) and 12 4 =1 (mod p), 

p-i 

(-l)"(l + a) p = 1 (mod 12) and 12 4 =-l(modp), 
(-l)fi-ipi 

(-1)° + ! 
2 



p = 5 (mod 12), 
p = 7, 11 (mod 12) 



To calculate a{n) we partition the prime divisors p 7^ 2,3 of n according to their residue modulo 
12. We write 



(5.12) 



n = 2«3'' 



ordp, (n) 
Pi 



n 

pi = l (mod 12) 

where a = ord2(n) and b = ord3(n). 

Using (5.11) and the factorization in (5.12), we derive 



n 

P2=5,7,ll (mod 12) 



ordp2 (n) 
P2 ' 



(_l)ordp2(n) ^ I 



(5.13) a{n) = . Sa+b,o H (l + ordp,(n)) [] 

pi=l (mod 12) p2=5,7,ll (mod 12) 

where t is the number of prime factors of n, counting multiplicity, that are congruent to 1 (mod 12) 

P-i 

and have 12 4 = — 1 (mod p), and s is the number of prime factors of n, counting multiplicity, that 
arc congruent to 5 (mod 12). We note that s odd implies ordp2(n) is odd for some P2 = 5 (mod 12), 
and thus a(n) vanishes. 

Now that we have found the Fourier coefficients of qE'^{q^'^), we turn our attention to discriminant 
—576 = —144 • 4. We have CL(— 576) = C4 x C2 and we list the reduced forms according to their 
genus 



CL(-576) ^ C4 X C2 


(!) 


(t) 




Principal Genus 


(1,0, 144), (9,0,16) 


+1 


+1 


+1 


Second Genus 


(4,4,37), (13,10,13) 


+1 


-1 


+1 


Third Genus 


(5,2.29), (5.-2.29) 


-1 


-1 


+1 


Fourlli Genus 


(9,(). 17), (9.-(). 17) 


-1 


+1 


+1 



In the above table, p is taken to be coprime to —576 and represented by the given genus. 
We write (5.9) as 

(5.14) mHsn_mm = ,E^q^^). 

Applying (1.13) to the left side of (5.14), we obtain 

(5.15) i^{q^)HQ^^) - q^<f>{q^mq'^) = E\q^^). 
Replacing 5^ by — in (5.15), yields 

(5.16) V'(9')<^(-9'') - 9V(-5')V'(9'') = E\-q^^). 
Multiplying (5.16) by q gives 

(5.17) #((z8)0(-g36) _ <^>(_/)^(/2^ = qE\-q^^). 
Taking d = —576 and m = 1, 9 in Theorem 2.2, we obtain 



(5.18) 

and 

(5.19) 



B(l,0,144,g)-i?(4,4,37,g) 



= q'P{-qni>{q% 



E(9,0,16,g)-E(13,10,13,g) ^ ^9^(_^4)^(^72^ 
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The difference between (5.18) and (5.19) is exactly the left side of (5.17). Hence, 

(5 20) B(l, 0, 144, q) - B{A, 4, 37, q) - B{9, 0, 16, q) + B{13, 10, 13, q) _ ( ^12^ 

One can verify 

(5.21) qE^-q'')=q ^'^'^''^ 



^2(^12)^2(^48)' 

which is shown to be an eigenform for all Hecke operators in [13]. Thus we have the relation 

( [g"]gS2(^i2) if„, = 1 (mod 24), 
(5.22) [q^-jqE^i-q^^) = \ -[g"]g-E2(gi2) if 13 (mod 24), 

[ if 1 (mod 12). 

Employing (5.22) along with (5.13) yields a formula for the Fourier coefBcients of qE^{—q^'^). 

6. Concluding Remarks 

The multiplicative combinations contained in the examples of sections 3, 4, and 5 have the fortu- 
nate property of being cigcnforms for all Hecke operators. We briefly outline an example that does 
not share the mentioned property. 



(6.1) 
and 
(6.2) 



Applying Theorem 2.2 to discriminant —1152 yields 
B(l,0,288,g)-B(4,4,73,g) 



B(9, 0, 32, g)- 5(17,2, 17, g) _ g , , r^,,, s 



and we see the products (6.1) and (6.2) are not disjoint. We are not be able to separate these products 
by congruences. 

We have CL(— 1152) = C4 x C2 and the reduced forms listed by genus are 



CL(-1152) ^ C4 X C2 


(!) 


(1) 


if) 


Principal Genus 


(1,0,288), (4,4,73) 


+1 


+1 


+1 


Second Genus 


(9,0,32), (17,2,17) 


-1 


+1 


+1 


Third Genus 


(11,6.27), (11,-6,27) 


-1 


-1 


-1 


Fourlli G(>uuri 


(1(),<S. 19), (IG. -8. 19) 


+1 


-1 


-1 



In the above table, p is taken to be coprimc to —1152 and represented by the given genus. 
Using the fifth row of Table 1 with A = (11, 6, 27), B = (9, 0, 32), (A, B) = C4 x C2, we have 

B{1, 0, 288, q) - B{4, 4, 73, q) + B{9, 0, 32, q) - B{17, 2, 17, q) 



(6.3) 
and 
(6.4) 



0-iq) := 



5(1, 0, 288, q) - 5(4, 4, 73, q) - (5(9, 0, 32, q) - 5(17, 2, 17, q)) 



are both multiplicative. We find that 0-{q) is an eigenform for all Hecke operators, yet 0+{q) is an 
eigenform for all Hecke operators except T3. Unlike previous examples, we are not able to employ 
(1.18) to find [q^ ]0+{q)- However, one can show 

5(l,0,32,g3)_S(4,4,9,g3) 



(6.5) 



Tsie+{q)) = 



By Theorem 2.1, or by Theorem 2.2, we have 

(gg) 5(l,0,32,g3)-B(4,4,9,g3) 



q'E{q'^)E{q 



^48 \ 
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Using the above remarks we are able to derive [q^'°]9+{q). Proceeding similarly to previous examples, 
one may derive the Fourier coefficients of (6.1) and (6.2). 

This result along with other similar results will be discussed elsewhere. 
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